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This paper gives a method of caleulating the equilibrium compositions 
of gas mixtmes which conform to the Amagat law and the Bartlett 
rule. 

A n u m b e r  of i ndus t r i a l  p r o e e s s e s  effected in the gas 
phase take place at a p r e s s u r e  of several  hundred a t -  
mosphe res .  This neces s i t a t e s  cons ide ra t ion  of the de-  
v ia t ion  of the p rope r t i e s  of the s y s t e m  f rom those of an 
ideal  gas. 

In :us ing  the widely known ca lcu la t ion  method we can 
allow for these  deviat ions  by ca lcu la t ing  the vo la t i l i t i e s  
of the r eagen t s .  However, exact  equat ions for  c a l cu l a -  
t ing the vo la t i l i ty  of components  of a solut ion [1] cannot 
be used owing to the fact that these  equat ions include 
the de r iva t ive  of the vo lume or  p r e s s u r e  of the mix tu re  
with r e spec t  to the mole f rac t ion  of the component ,  and 
ca lcu la t ion  of the vola t i l i ty  r e q u i r e s  an addi t ional  equa-  
t ion connect ing  the p a r a m e t e r s  of the mix tu re  with the 
mole f r ac t ions  of the components  contained in this equa-  
t ion as independent  v a r i a b l e s .  No such equation is ava i l -  
able at p resen t ,  and, hence, for  p rac t i ca l  ca lcu la t ions  
it is n e c e s s a r y  to combine  the equat ions of s tate  of the 
pure  components  and in t roduce  s e v e r a l  a s sumpt ions  r e -  
gard ing  the na tu re  of the i n t e r ac t i on  between the mo l e -  
cules  of the va r ious  components .  

The most  soundly based of the numerous  equat ions 
of s ta te  d e s c r i b i n g  the P, V, and T p rope r t i e s  of pure 
gases  is the equat ion involving v i r i a l  coeff ic ients  [2, 
3], With i n c r e a s e  in the t e m p e r a t u r e  of the p roces s  the 
effect of the v i r i a l  coeff ic ients  on the c o m p r e s s i b i l i t y  
fac tor  d e c r e a s e s  with i n c r e a s e  in the index of the f ac -  
tor  and for t e m p e r a t u r e s  at which s eve ra l  l a r g e - s c a l e  
p r o c e s s e s  a re  effected in the gas phase, the P, V, and 
T p rope r t i e s  of pure  gases  a re  de sc r ibed  suf f ic ien t ly  
accu ra t e ly  by an equat ion with second and thi rd  v i r i a l  

coeff ic ients :  

P V = R T ( I  ~- B ~ C  
' (1) 

In the case  of a m ix tu r e  of r ea l  gases  the p rob lem 
of obta in ing  the equat ion of s ta te  is compl ica ted  by the 
fact  that i n t e r ac t i on  of the molecu les  of the d i f ferent  
components  causes  devia t ions  of the p rope r t i e s  of the 
mix tu r e  f rom the p rope r t i e s  ca lcu la ted  on the a s s u m p -  
t ion of addi t iv i ty  of the r e spec t ive  p r o p e r t i e s  of the pure  
components .  In this  ca se  the p robab i l i ty  of s imu l t aneous  
co l l i s ion  of th ree  or  more  molecu les  is f a i r ly  s m a l l  
and d e c r e a s e s  with i n c r e a s e  in t e m p e r a t u r e .  Hence, 
the equat ion of s ta te  which takes dual i n t e r ac t i ons  of 
the components  into account  gives an accu ra t e  r e p r e -  
sen ta t ion  of the p rope r t i e s  of the mix tu re  in a suf f i -  

eiently wide range  of t e m p e r a t u r e  and p r e s s u r e .  
equation can be written in two ways: 

Vm = Z N i V ~ • v N~Nk A Vt,~, 

P m =  51, N i pC q_ EN~NkAP;k. 

This 

(2) 

(3) 

Equation (2) can be r ega rded  as B i r o n ' s  equat ion 
[4] extended to a mul t i component  sys tem,  and Eq. (3) 
as the genera l i zed  K r i c h e v s k i i - K a z a r n o v s k i i  equat ion 
[51 . However, even in this fo rm the equat ion of s ta te  
of the mix tu re  is unsu i t ab le  for p r ac t i ca l  ca lcu la t ions .  
If dual in t e rac t ions  of the molecu les  a re  neglected and 
AVik is taken as 0, then Eq. (2) is conver ted  to the 
Amagat  law. A mix tu re  with an equat ion of s ta te  

Vm = E N, V ~ (4) 

is an ideal  solut ion.  To ca lcu la te  the vo la t i l i ty  of a 
component  of an ideal  so lut ion we have the vola t i l i ty  
rule ,  or  the Lewis -Randa l l  ru le  [6] 

I; = i~N;, (5) 

which is su i tab le  for ca lcu la t ions  involved in the d e t e r -  
mina t ion  of the compos i t ion  of a mix ture ,  s ince  f~ is 

independent  of the mole  f rac t ions  of the components  and 
can be de t e rmined  if the equat ion of s ta te  of the pure  
subs tance  is known. 

The vola t i l i ty  of the pure subs tance  is exp re s sed  by 

the fo rmula  

RT In f = RT ln RT 
V 

V 

P V - - R T - -  t" (P- -Pid)dV (6) + 
i J  

Using the accepted notat ion,  we r e w r i t e  e x p r e s s i o n  
(6) for  the vola t i l i ty  of t h e p u r e  component  at the p r e s -  
su re  and t e m p e r a t u r e  of the mix ture :  

RT mln/~= RTmlnR~. m, @PmVP--RT  m -  

y'? 

y - -  (Pro - -  Pid) dV~ " (7) 

Subs t i tu t ing  in  (7) the value of Pm f rom Eq. (1), we have 

.o Rrm [2 B, 3 C, ] /" = ~ exp -t- �9 
v; k v ~ 2 (s) 

The e q u i l i b r i u m  compos i t ion ,  ca lcu la ted  by us ing  
Eqs. (1), (5), and (8), is the compos i t ion  of a m i x -  
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tu re  c o m p o s e d  of r e a l  g a s e s  ( in te rac t ion  be tween  m o l e -  
cu l e s  of the s a m e  component  c a u s e s  a dev ia t ion  of i ts  
p r o p e r t i e s  f r o m  those  of an idea l  g a s ) ,  and t h e r e  is  no 
i n t e r a c t i o n  be tween  the m o l e c u l e s  of the d i f fe ren t  c o m -  
ponents .  In o t h e r  words ,  the v o l u m e s  a r e  addi t ive ;  the 
m i x t u r e  c o n f o r m s  to the  Amaga t  law. 

The compos i t i on  of the gas  d e t e r m i n e d  by th is  m e t h -  
od is  the second  a p p r o x i m a t i o n  to r e a l i t y  in c o m p a r i -  
son with the c o m p o s i t i o n  of a m i x t u r e  in which the c o m -  
ponents ,  l ike  the m i x t u r e  as  a whole,  a r e  idea l  g a s e s .  

However ,  add i t iv i ty  of the  vo lumes  in a m i x t u r e  of 
r e a l  g a s e s  is  not  a lways  a su f f i c ien t ly  good a p p r o x i m a -  
t ion to r e a l i t y .  Some au thors  [7] be l i eve  that  !as the  
t e m p e r a t u r e  i n c r e a s e s  the c o r r e c t i o n s  AP ik  {but not  
AVik) in Eq. (3) to the law of add i t iv i ty  of p r e s s u r e s  
b e c o m e  s m a l l e r ,  and ,  hence,  a m i x t u r e  for  w h i c h t h e  
p r e s s u r e s  a r e  add i t ive  r e p r e s e n t s  the p r o p e r t i e s  of 
the r e a l  m i x t u r e  b e t t e r  than a m i x t u r e  with equat ion 
of  s t a t e  (4).  

The L e w i s - R a n d a l l  r u l e  is  u sed  to d e t e r m i n e  the 
vo l a t i l i t y  of a componen t  of an idea l  so lu t ion .  Hence,  
e x p r e s s i o n  (5) can  be obta ined  by subs t i tu t ion  of Eq. 
(4) in the f o r m u l a  for  the  vo l a t i l i t y  of the  component  
of the  gas  so lu t ion .  This  can e a s i l y  be s een  by c a r r y -  
ing out the a p p r o p r i a t e  t r a n s f o r m a t i o n s .  

We use  s i m i l a r  a r g u m e n t s  to d e r i v e  the  vo l a t i l i t y  
ru l e  in the  c a s e  AP ik  = 0. In th is  c a s e  e x p r e s s i o n  (3) 
is  c o n v e r t e d  to the  B a r t l e t t  equation:  

Using the accep t ed  nota t ion  we w r i t e  the e x p r e s s i o n  
f o r  the v o l a t i l i t y  of the i - t h  componen t  of the  mix tu re :  

RT m [nf~ =rRTrn In Ni----RTm @ P m Y m - - R T  m m 
Vm 

V1TI 

- - ;  ( P m ~ P i d ) d V m  ~ 
em 

( k 4 4 )  ' ' 

We r e p l a c e  P m  by i t s  va lue  f r o m  (9). We note that  
s ince  the  p a r t i a l  d e r i v a t i v e  0P/ON i is  t aken  at  cons t an t  
va lue s  of the  c o n c e n t r a t i o n s  of a l l  the  componen t s ,  e x -  
cep t  the  i - t h  and k- th ,  

N i + N k = 1 - -  ~. N I ( i + <  k)  = const, 

ON~ = 0 (c - -  N~) ._ 1. 

ON~ ON i 

On c a r r y i n g  out the i den t i ca l  t r a n s f o r m a t i o n s  we  a r r i v e  
at  the  e x p r e s s i o n  

RT,mln ft = RTm lnPtd + P~ - -RTra  -4- 

+ S PiddVm - -  Nt pO dgm - -  
go 

i m - - Z N k  P~ In N, + (Pm - -  P,~ ) Vm. I(11) 
k = l  

( k 4 - i )  

{l 

Noting that  Nt + 2 N k  = 1, and c o m p a r i n g  (11) w i th the  
k = l  

( k r  

f o r m u l a  for  the  vo la t i l i t y  of the pu re  subs t ance  as  given, 
for  ins tance ,  in [1], we obta in  

R T  m lnfi = RTm In @~ )' + RT m, lnNt + 

pO " fi ~- (fi)'Ni -- pO + (Pro - -  ~ )Vm, exp Pmpi d (12) 

E x p r e s s i o n  (12) p rov ides  a vo la t i l i t y  r u l e  for  s o l u -  
t ions  which s a t i s fy  the B a r t l e t t  equat ion [11]. 

It should be  borne  in mind that  f~ has a d i f f e ren t  
mean ing  f r o m  ( f~) '  : The l a t t e r  is  the vo l a t i l i t y  of the  
p u r e  component  i a t  the t e m p e r a t u r e  and vo lume  of 
the m i x t u r e  and is  given by an e x p r e s s i o n  s i m i l a r  to 
(8), but  with V m taken ins t ead  of V[ for  the d e t e r m i -  
nat ion of ( f~ ) '  

The e q u i l i b r i u m  c o m p o s i t i o n  c a l c u l a t e d  by us ing  
Eqs.  (1), (8), and (12) is  a l so  a second a p p r o x i m a -  
t ion to r e a l i t y :  The p r e s s u r e s  a r e  addi t ive ,  and the 
m i x t u r e  s a t i s f i e s  the  B a r t l e t t  equa t ion .  

Le t  i t  be r e q u i r e d  to c a l c u l a t e  the e q u i l i b r i u m  c o m -  
pos i t i on  of a m i x t u r e  of m g a s e s  c o n s i s t i n g  of n e l e -  
men t s ;  the c h e m i c a l  f o r m u l a s  of the components  a r e  
A, B, X, Y, . . . .  In th is  c a s e  we can make  u p n i n -  
dependent  equat ions  of m a t e r i a l  b a l a n c e .  These  equa -  
t ions  do not inc lude  the P, V, and T p r o p e r t i e s ,  and 
t h e i r  f o r m  is independent  of the  equat ion  of s t a t e .  

To obta in  the  ca l cu l a t i on  s y s t e m  we need to f o r m  
add i t iona l  m -  n equat ions  which  conta in  the  r e -  
qu i red  amounts  of componen t s .  These  e q u a t i o n s  wi l l  
be e q u a l i t i e s  e x p r e s s i n g  the m a s s  ac t ion  law in r e -  
l a t ion  to any m - n independent  c h e m i c a l  r e a c t i o n s  
o c c u r r i n g  be tween  the c o n s i d e r e d  componen t s .  These  
equa l i t i e s  a r e  e x p r e s s e d  in the g e n e r a l  c a s e  by the 
vo l a t i l i t y  of the componen t s  of the  e q u i l i b r i u m  m i x -  
ture ,  and, hence,  t h e i r  f o r m  depends  on the equat ion  
of s t a t e  of the  m i x t u r e .  

We c o n s i d e r  th is  dependence .  We w r i t e  the equat ion 
of one of the c h e m i c a l  r e a c t i o n s  which may  o c c u r  b e -  
tween  the c o n s i d e r e d  componen t s :  

t 

aA + bB = xX  + yY. 

The m a s s  ac t ion  law app l ied  to th is  r e a c t i o n  is  

i K o = (fx) ~ (f,)~/qA) a (fBP" (13) 

We c o n s i d e r  the fo l lowing c a s e s .  
1. The componen t s  of the e q u i l i b r i u m  m i x t u r e ,  l ike  

the m i x t u r e  as  a whole,  a r e  idea l  g a s e s .  
In th is  c a s e  Eq. (13) t a k e s  the f o r m  

(Px) (Py)  
K;e = (pA) a (pB) b - -  

(& Nx) *fm Ny)* 
= ( P m N a ) , , ( P m N B ) b  ( N A ) a ( N B )  b (Pro)a, 

w h e r e A  = x +  y - a - b ,  o r  

Ke (Pro) -a = K, = (Nx)X (Ny)u/(NA)" (N~) b. (14) 
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2. The components  of the equ i l ib r ium mix tu re  s a t -  
isfy Eq. (1) ; the mix tu re  conforms  to the Amagat  law 
(4). 

When rule (5) is applied, Eq. (13) takes the form 

o r  

where 

K~/Kf = K2 = (Nx)~ (Ny)v/(NA)~ (N~) ~, (14a) 

0 it 0 a 0 b 
Ks = q~ A) q~) 

3. The components  of the equ i l i b r ium mix tu re  s a t -  
isfy Eq. (1); the mix tu re  conforms  to the Bar t le t t  ru le  
(9). 

When ru le  (12) is used, Eq.  (13) takes the fo rm 

Ke = K3 (14b) 
(Ks)' ~x~ A ,  (N~)o (N~t ~ ' 

where  

and 

(Kf)' = [(f~)'v [(f~)']v[(f~)'] ~ [(f~)'P 

A, = ((x + y = a - - b ) P m - - x P ~  ypo + 

Thus, in all  the cons ide red  cases  the theore t ica l  
equat ions e x p r e s s i n g  the mass  act ion law lead to iden-  
t ical  f o r m s ;  the d i f fe rence  l ies  in the va lues  of K 1, K2, 
and K3 on the left s ide of these  equat ions .  Since the 
fo rm of the equat ions of m a t e r i a l  ba lance  is the same  
in all  th ree  cases ,  the theore t i ca l  s y s t e m  of equat ions 
to d e t e r m i n e  the equ i l i b r ium compos i t ion  of a mix tu re  
of r ea l  gases  in the cases  we have cons ide red  will,  in 
genera l ,  have  the s a m e  fo rm as in the case  of a n i de a l  
gas.  Mathemat ica l  methods of so lv ing  such a s y s t e m  
have been dealt  with on s e v e r a l  occas ions  [8-10],  and, 
hence, the re  is no need to dwell on them in this paper .  

S t r ic t ly  speaking,  the va lue  of K 3 in Eq. (14b) is 
not "constant"  in the ca lcula t ion ,  s ince  its value de-  
pends on the compos i t ion  of the mix tu re .  Hence, the 
equ i l i b r i um compos i t ion  in  this case  will  be given by 
the solut ion of the theo re t i ca l  s y s t e m  in conjunct ion  

with Eq. '(9). 
Ass ign ing  as a f i r s t  approx imat ion  the values  of N i 

ca lcu la ted  by us ing  equat ions of the fo rm (14) or (14a), 
we d e t e r m i n e  the approx imate  value of the thi rd  p a r a m -  
e te r  of the mix tu r e  f rom the given two, and, then, by 

solving the theore t ica l  sys t em of equat ions by the usua l  
methods we d e t e r m i n e  the compos i t ion  in the second 
approximat ion .  The ca lcu la t ion  p roces s  is then r e -  
peated unti l  the r e su l t s  a t ta in  the r equ i r ed  accuracy .  

NO TA TIO N 

P is the p r e s s u r e ;  V is the volume;  T is  the t e m -  
p e r a t u r e ;  R is the gas cons tant ;  B and C a re  the s e c -  
ond and th i rd  v i r ia I  coeff ic ients ,  r e spec t ive ly ;  N is 
the mole f rac t ion ;  f is the vola t i l i ty ;  A, B, X, and Y 
a re  the symbols  of chemica l  f o r m u l a s  of subs t ances ;  
a, b, x, and y a re  the s to i ch iome t r i c  coeff ic ients  of 
co r r e spond ing  subs t ances  in equat ion of chemica l  r e -  
ac t ion;  f~, V ~ a re  the vo la t i l i ty  and volume of pure  

component  i at T m and Pro; (f0), and P~ a re  the vola-  
t i l i ty  and p r e s s u r e  of pure  component  i at T m and Vm; 
K e is the equ i l i b r ium cons tant ;  Pid is the p r e s s u r e  of 
idea[ gas at V m and Tm.  Subscr ip t s  i, k, j, X, Y, A, 
and B are  the c o r r e spond i ng  va lues  of i - th ,  k- th ,  e t c . ,  
subs tance ;  m is the co r r e spond ing  value of the m i x -  
t u re .  
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